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BENDING CONSTRAINED CIRCULAR BEAM RESTING 
ELASTIC FOUNDATION 


Enrico Volterra', Troy, Y., and 
Randall Chicago, 


The solution the problem circular beam resting elastic foun- 
dation, loaded concentrated symmetric forces and constrained such 
way that the sections where the vertical loads are applied cannot rotate, 
given explicit form. 

Tables for the deflections, angles twist, bending and twisting moments 


are presented. 


Nomenclature 


The following nomenclature used the paper: 
bending moment 
twisting moment 


plane beam 


angle twist 
initial curvature center line beam 


moment inertia cross-section beam with respect 
axis 


torsional rigidity beam 
Young’s modulus beam 


concentrated force 

elastic constant foundation 

angular distance between points application external forces 


Professor Mechanics, Rensselaer Polytechnic Institute 


2Graduate Student, Illinois Institute Technology 
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Introduction 


previous papers [1], [2], the problem the deflections circu- 
lar beam resting elastic foundation and loaded symmetric anti- 
symmetric forces has been studied. The beam was then supposed free 
rotate correspondence with the sections where the loads were applied. 

However, very frequently (as was pointed out Professor Mindlin 
Columbia University during the discussion which followed the presentation 
paper No. [1]) the vertical concentrated loads are transmitted the cir- 
cular beam through structural members which are rigidly connected the 
beam. These structural members will restrain the beam the points ap- 
plication the concentrated loads from rotating about the center line the 
beam (see Fig. 1). 

The object this paper analyze deflections circular beams under 
such conditions and express their deflections, angles twist, and bending 
and twisting moments explicit forms functions the externally applied 
forces the inertia characteristics El, the beam, the elastic constant 
the foundation and the angular distance between the forces. 

For particular values the angles namely: 120°; 90°, 60°, 45° 
and 30°, Tables giving the values the deflections, angles twist and bend- 
ing and twisting moments are presented. 

The following assumptions will made: 

(a) The beam has constant inertia characteristics Elx and its axis 

circle radius 

(b) equidistant points, equal concentrated forces are applied, the angu- 

lar distance between the forces being indicated (see Fig. 1). 

(c) The sections where the loads are applied are not free rotate. 
(d) The foundation reacts following the Winkler-Zimmermann hypothesis, 

i.e., the reactive forces due the foundation are proportional every 

point the deflection the beam that point [5], [6]. 


Constrained Circular Beam Resting Elastic Foundation 


The beam referred system rectangular coordinates OXYZ with 
the origin the centroid the cross-section, the axes and coincid- 
ing with the principal axes inertia the cross-section and the axis with 
the tangent the center line shown Fig. the displace- 
ment the centroid the direction the axis, the angle twist 
the cross-section about the axis, My, the moments acting the 
cross-section about the and axes, the flexural rigidity, the 
torsional rigidity, 1/R the initial curvature the center line the bar, the 
following two equations will verified [1], [3], [7], [8], 


2 


the elastic constant the foundation, the external concentrated 
force, the angular distance between the points application the ex- 
ternal forces (see Figs. and 2): 


brackets refer Bibliography end paper. 
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(3) 
dM 


the boundary conditions being this case: 


Solution the Problem 


combining equations (2) and (3) the following expression for 
terms and its derivatives: 


obtained. 
substituting equations (3) and (5) into the second equations (2) the 


linear equation sixth order and its derivatives obtained: 


The solution equations (6), (5) and (2) with the boundary conditions 
expressed equations (4) gives the followirg expressions for the functions 
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equations (1) become: 
The conditions equilibrium are: 
a 


where are determined from the formulas: 


3 

The constants are calculated from the following formulas: 
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with: 
where 


Numerical Tables 


and for the following values the parameters: 


The numerical computations involved the preparation these Tables 
are very laborious. first the authors had prepared Tables with four deci- 
mal figures. However, for practical use advisable have Tables with 
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greater accuracy, i.e., with greater number decimals, and these not 
practical prepare without the use proper computing machines. The 
Tables which are presented with six decimal figures were calculated com- 
puters the “Istituto per Applicazioni del Calcolo” the Italian “Consiglio 
Nazionale delle Ricerche” Rome. The authors want express their ap- 
preciation and thanks the Director the “Istituto per Applicazione del 
Calcolo”, Professor Mauro Picone, for the generous help received. 


Table Deflections, angles twist, and bending 
and twisting moments for 120° 


900835 


-.027786 
-.O26& 4a 


-066157 


-.017019 
-.010423 


-.004780 
oc9gc 44 


904908 


-.003138 
-.008924 
-.009401 


0° 
0 
40° 
5.7 50° 
1.9 
019018 
0-7 50° 
40° 
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Table Deflections, angles twist, and bending 
and twisting moments for 


007343 
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Table Deflections, angles twist, and bending 
and twisting moments for 60° 


903807 


998609 


900439 


-.039072 
-.007514 


-.9024562 


76004 


0.7 £0° 2098601 
30° 
10° 
1.9 
252 
10° 
A * 100 15° 
25° 
30° 
5° -.088063 
10° 
30° 
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Table Deflections, angles twist, and bending 
and twisting moments for 45° 
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Table Deflections, angle twist, and bending 
and twisting moments for 


-.014102 


-.014182 
007686 


@e 0020 61 


0° 

15° 
+ 
9? 
1.0 
15? 
9° 
100 
0.7 
10° 
15° 
10° 
15° 
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Table Constrained Beam 


0.0°1764 
0.4216 
0.04575 0.4304 23.301 
125.598 1.137 


Table Beam free rotate 


(tnches) 


0.4122 
0.4216 


Numerical Example 


reinforced concrete circular beam, having radius feet anda 
square cross-section inches inches, acted upon eight verti- 
cal loads tons each equally spaced 45°. The modulus elas- 
ticity concrete assumed p.s.i. and the elastic constant the 


Table the results obtained for this particular case from Table are 
given, while Table the results are given for beam the same charac- 
teristics and under the same loads, but free rotate. The results given 
Table are taken from the Paper listed No. [1] the Bibliography. 

one compares the results given the two last Tables, one sees that 
the values the columns are completely different, the values for are 
practically the same, while the values the and columns are fairly 
close. 
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